Abstract In order to extend our previous studies of the unexplained phenomenon of cyclic amplitude variations in pulsating red giants, we have used the AAVSO time-series analysis package VSTAR to analyze long-term AAVSO visual observations of 50 such stars, mostly Mira stars. The relative amount of the variation, typically a factor of 1.5, and the time scale of the variation, typically 20-35 pulsation periods, are not significantly different in longer-period, shorter-period, and carbon stars in our sample, and they also occur in stars whose period is changing secularly, perhaps due to a thermal pulse. The time scale of the variations is similar to that in smalleramplitude SR variables, but the relative amount of the variation appears to be larger in smalleramplitude stars, and is therefore more conspicuous. The cause of the amplitude variations remains unknown.
Introduction
Percy and Abachi (2013) showed that, in almost all pulsating red giants (PRGs), the pulsation amplitude varied by a factor of up to 10, on a time scale of 20-40 pulsation periods. The authors were initially concerned that the variation might be an artifact of wavelet analysis, but it can be confirmed by Fourier analysis of individual sections of the dataset. Similar amplitude variations were found in pulsating red supergiants (Percy and Khatu 2014) and yellow supergiants (Percy and Kim 2014). There were already sporadic reports in the literature of amplitude variations in PRGs (e.g. Templeton et al. 2008, Price and Klingenberg 2005) , but these stars tended to be the rare few which also showed large changes in period, and which may be undergoing thermal pulses (Uttenthaler et al. 2011) . Furthermore: it is well known that stars such as Mira do not repeat exactly from cycle to cycle. Percy and Abachi (2013), however, was the first systematic study of this phenomenon. Since these amplitude variations remain unexplained, we have examined the behavior of more PRGs, to investigate some of the systematics of this phenomenon.
We have analyzed samples of large-amplitude PRGs, mostly Mira stars, in each of four groups: A: 17 shorter-period stars; B: 20 longer-period stars; C: 15 carbon stars; D: 8 stars with significant secular period changes (Templeton et al. 2005) . The stars in groups A, B, and C were drawn randomly from among the 547 studied by Templeton et al. (2005) and which did not show significant secular period changes. As did Templeton et al. (2005) , we used visual observations from the American Association of Variable Star Observers (AAVSO) International Database. We did not analyze stars for which the data were sparse, or had significant gaps. Note that Templeton et al. (2005) specifically studied Mira variables, which, by definition, have full ranges greater than 2.5 in visual light -an arbitrary limit.
The purposes of this paper are: (1) to present our analyses of these 50 PRGs, and (2) to remind the astronomical community, once again, that the amplitude variations in PRGs require an explanation.
Data and Analysis
We analyzed visual observations from the AAVSO International Database (AID: Kafka 2017) using the AAVSO's VSTAR software package (Benn 2013) . It includes both a Fourier and wavelet analysis routine; we used primarily the latter. For each star, we noted the Modified Julian Date MJD(1) after which the data were suitable for analysis -not sparse, no significant gaps. From the WWZ wavelet plots, we determined the maximum (Amx), minimum (Amn), and average (Ā) amplitude, the number of cycles N of amplitude increase and decrease, and the average length L of these cycles. See Percy and Abachi (2013) for a discussion of these quantities and their uncertainties; N and therefore L can be quite uncertain because the cycles are irregular, and few in number, especially if they are long. This is doubly true for the few stars in which the length of the dataset is shorter than average. The maximum and minimum amplitudes are also uncertain since they are determined over a limited interval of time.
We then calculated the ratio of L to the pulsation period P, the ratio of maximum to minimum amplitude, the difference ∆A between the maximum and minimum amplitude, and the ratio of this to the average amplitudeĀ. The periods were taken from the VSX catalog, and rounded off; the periods of stars like these "wander" by several percent, due to random cycle-to-cycle fluctuations. All this information is listed in Tables 1-4. In the "Notes" column, the symbols are as follows: "s" -the data were sparse in places; "g" -there were one or more gaps in the data (but not enough to interfere with the analysis); "d" -the star is discordant in one or more graphs mentioned below, but there were no reasons to doubt the data or analysis; asterisk (*) -see Note in Section 3.2. Note that the amplitudes that we determine and list are "half-amplitudes" rather than the full ranges i.e. they are the coefficient of the sine function which fit to the data.
Results
We plotted L/P, Amx/Amn, and ∆A/Ā against period for each of the four groups of stars A,B,C, and D. There was no substantial trend in any case, except as noted below (Figures 1-3 ). We therefore determined the mean M and standard error of the mean SEM, for each of the three quantities, for each of the four groups. These are given in Table 5 . We also flagged any outliers in the graphs, and reexamined the data and analysis. If there was anything requiring comment, that comment is given in Section 3.2.
In stars which are undergoing large, secular period changes, possibly as a result of a thermal pulse, the size and length of the amplitude variation cycles is marginally larger, but this may be partly due to the difficulty of separating the cyclic and secular variations. Note that cyclic variations in amplitude are present during the secular ones in these stars.
We also found that, for the shorter-period stars,Ā increased with increasing period ( Figure  4 ), but this is a well-known correlation. The very shortest-period PRGs have amplitudes of only hundredths of a magnitude. There was no trend in amplitude for the longer-period stars.
The relative amount of variation in amplitude is slightly larger in shorter-period, smalleramplitude stars ( Figure 5 ). This is consistent with the results of Percy and Abachi (2013), as discussed in Section 4.
TheĀ for the carbon stars are systematically lower than for the oxygen stars (Figures 2 and 3 ). Again, this is well-known; in the oxygen stars, the visual amplitude is amplified by the temperature Figure 1 : The lengths of the cycles of amplitude increase and decrease, in units of the pulsation period, as a function of pulsation period. At most, there is a slight downward trend, which may be partly due to the fact that the cycles may be more difficult to detect in shorter-period, smaller-amplitude stars. sensitivity of TiO bands, which are not present in carbon stars. Note also that the carbon stars have longer periods, since they are in a larger, cooler, and more highly evolved state.
Stars with Secular Amplitude Variations
Although our main interest was in the cyclic variations in pulsation amplitude, the secular variations in amplitude are also of interest, though they have already been studied and discussed by other authors, as mentioned in the Introduction. We performed a quick wavelet analysis of the 547 Miras in Templeton et al.'s (2005) paper, to identify stars in which secular amplitude variations might dominate the cyclic ones. Of the 21 stars whose period varied secularly at the three-sigma level or greater, four (T UMi, LX Cyg, R Cen, and RU Sco) seemed to show such secular amplitude variations. There were no other stars in Templeton et al.'s (2005) sample which showed strong secular variations. Note that, in each case, cyclic amplitude variations were superimposed on the secular ones.
Notes on Individual Stars
This section includes notes on two kinds of stars: the ones for which the data or analysis required comments, and ones which appear to be outliers in some of the graphs that we have plotted.
R Cen: this star has a secular decrease in amplitude, and period, so it is not surprising that the star is discordant in some of the relationships; see also Templeton et al. (2005) .
T Dra: this star has unusually large cyclic variations in amplitude. R Lep: this star has unusual large variations in mean magnitude. RZ Sco: this star, with a relatively short period, has a secular change in period, but only at the 3σ level (Templeton et al. 2005) .
Z Tau: this star is exceptional in that it is an S-type star. Also: its light curve shows nonsinusoidal variations, and flat minima suggestive that the variable may have a faint companion 
Discussion
Percy and Abachi (2013) obtained a median value of L/P = 44 for 28 monoperiodic smalleramplitude PRGs. They calculated the median, in part because there were a few stars with very large values of L/P. We have reanalyzed those stars, and realized that Percy and Abachi (2013) adopted a more conservative definition for amplitude variations. Figure 6 shows an example of this: for the smaller-amplitude PRG RY Cam, Percy and Abachi (2013) estimated N = 1.5 whereas, based on our subsequent experience, we would estimate N = 6.7. Based on our reanalysis, the L/P values are now strongly clustered between 20 and 30, with a mean of 26.6. This is consistent with the values which we obtained for shorter-and longer-period PRGs.
The values of ∆A/Ā, obtained by Percy and Abachi (2013), for smaller-amplitude (1.0 down to 0.1) variables, are typically about 0.5 to 2.0. This is consistent with the trend shown in Figure  5 . The amplitude variations are relatively larger and more conspicuous in small-amplitude stars. Templeton et al. (2008) call attention to three other PRGs with variable amplitudes. The amplitude variations in RT Hya are the largest (0.1 to 1.0) and are cyclic (L/P = 40). The amplitude variations in W Tau are almost as large (0.1 to 0.6) and are also cyclic (L/P = 24). Those in Y Per are less extreme (0.3 to 0.9) and also cyclic (L/P = 29). These three stars therefore behave similarly to PRGs in our sample.
There are therefore at least three unexplained phenomena in the pulsation of PRGs: (1) random, cycle-to-cycle fluctuations which cause the period to "wander"; (2) "long secondary periods", 5-10 times the pulsation period; and now (3) cyclic variations in pulsation amplitudes, on timescales of 20-30 pulsation periods. PRGs have large outer convective envelopes. Stothers and Leung (1971) proposed that the long secondary periods represented the overturning time of giant convective cells in the outer envelope, and Stothers (2010) amplified this conclusion.
Random convective cells may well explain the random cycle-to-cycle period fluctuations, as well. The amplitude variations might then be due to rotational modulation, since the rotation periods of PRGs are significantly longer than the long secondary periods according to Olivier and Wood (2003) .
Conclusions
Significant cyclic amplitude variations occurs in all of our sample of 50 mostly-Mira stars. The relative amount of the variation (typically Amx/Amn = 1.5) and the time scale of the variation (typically 20-35 times the pulsation period) are not significantly different in the shorter-period and longer-period stars, and in the carbon stars. The time scales are consistent with those found by Percy and Abachi (2013) in a sample of mostly smaller-amplitude SR variables, but the relative amplitude variations are larger in the smaller-amplitude stars. As was previously known: the average amplitudes increase with period for the shorter-period stars, and the carbon stars have smaller visual amplitudes than the oxygen stars. 
